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Uniform Computation of the Error Function and
Other Related Functions

By F. Matta and A. Reichel

Abstract. Uniform methods of computation, to any required degree of accuracy, for the
error and other closely related functions are given.

1. Introduction. In a paper by Chiarella and Reichel [1], the function

o —u? d 1/2 "
Wolx, t) = (47:)1,2f :2+ :2 = (ft) e’ erfcw

was expressed in the quadrature form
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Wo(x, t) = 775 E(h), ,

where w = (1 — ix)/2t?, and the term involving E(k) is a small error term. The
net size 1 was chosen sufficiently small so that the poles at z = 4iw of the integrand of

/’ e " dz
. (22 + wz)(l _ e-21riz/h) ’
from which the above quadrature formula was derived, were included in the contour
c. This means that ¢ was restri¢ted to the range t > 4*/4x°.
In this paper, we extend the method to include the cases when # is such that the

poles at z = —iw lie on and outside the contour c.
The respective results are

Wolx, 1) = w(47hrt)1/2 + (433;/2 2 e ; W
+ P, ift > h/4r,
) +1p, ift = K'/4x’,
+ 0, ifr < K/4r’,
— Gy EOO,
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2. Computation Formulae. The expressions for W(x, ) given by (1) produce
uniform methods for computing various related functions in mathematical physics.
Formulae connecting W(x, ?) with such related functions have been given by Reichel

[2].

(a) Voigt Functions. The function W (x, ?) can be expressed as

Wo(x, t) = UO(xs t) + iVO(x9 t)9
where

1 © —(z=v)?/4t
Up(x, t) = (47rt)l/2f 1+ 57 dy,

-

I © g (z=n)/at
Volx, t) = (47rt)1/2f 1+, ydy

are Voigt functions. From (1), on separating real and imaginary parts, we obtain

h 28 X MU+ X+ 4en’hd)
>

Upx, t) = e + xé; + :/_7‘_ = x I 4tn2h2)2 ¥ a5
+ P, ift> W/4r°,
2.1 + 1P, ift = K/4n°,
+0, ift < K/,
)
4/t "’
o a1 . a2
Volx. 0 = x/rtlhﬁr ol %‘f Z (f - 3521 i :m;;:"')itih‘;)x’
— 0., ift> K/4r’,
2.2) — 10, ift = n/4x",
—0, ift < /4,
+5,
where
P = (I)1/2e_(,=/4¢+,r/h\/t-l/u)|:AC2' — Bf) ,
t Cc'+ D*
0 — (7_‘_)1/28_(,,«/4“,r/hx/z-l/u)I:EC;-l- Aé):l ’
t c°+ D
A = cos x/2t, B = sin x/2t,

C =" — cosmx/h/1, D = sinwx/h/t.

" Suitable substitution and separation of terms in a formula given by Luke [3],
[8] for the function erfc (az) yields the first two terms of Egs. (2.1) and (2.2). However,
the error term in Luke’s formula is a combination of the last two terms of (2.1) and
(2.2) and hence, in our context, depends on the variables x and 7. Formulae (2.1) and
(2.2) require less computation than the method of Salzer [4] and the equivalent
method given by Abramowitz and Stegun [5].
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Many workers in optics and astrophysics use a Voigt function in the form

H, 0) = & f_ ) w__‘i;y)-;?y?? = (1/a\/m) Us(u/a, 1/4a®)
so that
a@ e—mm(az + 2 + n2h2)
H(a, u) = (' “‘__I_ u-—) + . ,; (az — 7 -+ nzhz)z T 40
+ P,, ifa<u/h,
(2.3) +1p,, ifa=n/h,

+0, ifa>a/n,

a
- E(h).

Similarly, if K(a, v) = (1/av/m)Vu/a, 1/4a°) then

_ hu 2uh e "M@ + ¥ — n°KD)
K(a, u) = @+ D + - '; @ — & 1O+ 4
- Qz, ifa < 1l'/h,
2.4) — 3Q,, ifa=x/h,
— 0, ifa > n/h,
+ uE(h) ’
g
where
_ ~(u?+2a7w/h—a?) 4,6, — Bl_Dl]
Pa= 2 [ ¥
e —on| 41D, + B c]
. {(u?+2ar/h—a?] 1 1 141
O = % [“&5e ]
A; = cos 2au, B, = sin 2au,

C, = e **""* — cos 2urm/h, D, = sin 2ur/h.

(b) Error Function of Complex Argument. The function

erfcz—\/f du = a — i3,
where z = x + iy, can be computed from
ﬂ’-—z

a = [cos 2xyH(x, y) — sin 2xy K(x, y)],

B = ¢ "%'[sin 2xyH(x, y) + cos 2xy K(x, »)].
Some workers use the function

2.5

. © —12
.6) w(z) = e erfc (—iz) = —’f e d Imz > 0,
T Jew 2 — ¢
=—’f ¢ L2t Imz <0,
Moo 2 — 1
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which can be computed from

2.7 w) = H(y, x) + iK(y, x).

A useful survey regarding the properties of this function, and computational
methods, may be found in [3], [6], [7] and [8]. In references [3] and [8], Luke gives
expressions for the complex error function in terms of the modified Bessel function of
the second kind. For computational purposes, the expressions presented in the present
paper require less computing time.

(©) Dawson’s Function of Complex Argument. The function

we) = e f & du = u(x, y) + iv(x, y)
0

may be computed from

ux, y) = 3/571 (sin 2xye” ™" 4+ K(y, x)),
(2.8)
v(x, y) = Vr (cos 2xye” ™™ — H(y, x)).

2

(d) Error Function of Real Argument.

S L[
erfcx—\hr ) e " du

he-—x’ . © e—n’h’ ]
X [1 +22" 2, h + %

n=1

Il

2.9) — 2/ — 1), ifx <u/h,
— 1/ — 1), ifx =x/h,
-0, if x > w/h,

— xe " E(h)/x.
(e) Dawson’s Function of Real Argument.
wx) = e f ¢ du
0

h o xh 2 ey
2v/mx  A/m AR — X

- ﬁe"' cotmx/h, ifx < w/h,

(2.10) 2
— —\—:—TE ~=* cotwx/h, ifx = x/h,
— 0, if x > n/h,

xE(h)
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Note that with an error of smaller order than E(%), we can write

hx e — MM
(2.11) we) =5~ Z s

(f) The Fresnel Integrals. The integrals

2 Vz 2 Vz
c(x) = "f cos t° dt, s(x) = ——f sin £ dt
™ Jo T Jo

may be computed from

1o m{cosx[a(\/f,\/f) Kz )]
—sins (5 D) + Sz B}
s = & = g oo (2 42) - w5 A)]
s aona] (5 A2) + 545 AB) ]}

(8) The Rocket Flight Functions. The functions

(2.12)

Il—l

© —1rz"u/2 —1/2 du

A) = \/2.[ 1+ 4 ’

o —1ra: u/2 1/2 du

7r\/2f 14+ 4

B(x) =

can be computed from

o= [l ) 1 e 2]
o[, 229 - e =)

3. Hints on Computation. (i) The authors [1] note that
2 —73/h?
|EMw)| < */"

:<

(2.13)

=‘<N

—z3/h? *
i
which gives the following bounds on E(/):
h 1 0.8 0.75 0.6 0.5
Eh) 107* 107° 1077 10 107

If we take & = %, the term containing E(%) in all the formulae may be neglected, with
an error of the order 107*%, for a large range of arguments.

(i) With 4 = %, the term 1P in Eq. (1), corresponding to the case when the poles
at z = =iw lie on the contour ¢, can be neglected with an error less than 107",
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Similarly, the term obtained from this 1P in each of the given expressions can be
neglected with an error of 107,

(iii) Note also that the term P in Eq. (1) and the corresponding term in each of
the other formulae can be neglected with an error less than 107*°, if the exponent
of the exponential is less than —34.

(iv) In all formulae, except (2.11), about 12 terms are required in the summation
to obtain accuracy of order 107", The coefficients ™™ and n*4* can be computed and
entered before the computation, for a given number of arguments, begins. To obtain
more accuracy, & can be decreased and the number of terms in the summation in-
creased.

(v) The only function for which the given expression is difficult to compute as it
stands is Dawson’s function of real argument, Egs. (2.10) and (2.11). In Eq. (2.10),
we chose £ = .55 and computed w(x) for all x except when |n*A* — x’| < 0.1. For
such values of x we chose 4 = .45, which avoided the zero in the denominator of
the summation term. Of the two formulae (2.10) and (2.11), the first requires less
computation.
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